We introduce the angular-momentum flux as the natural description of the angular momentum carried by light. We present four main results: (i) angular-momentum flux is the flow of angular momentum across a surface and, in conjunction with the more familiar angular-momentum density, expresses the conservation of angular momentum. (ii) The angular-momentum flux for a light beam about its axis (or propagation direction) can be separated into spin and orbital parts. This separation is gauge invariant and does not rely on the paraxial approximation. (iii) Angular-momentum flux can describe the propagation of angular momentum in other geometries, but the identification of spin and orbital parts is then more problematic. We calculate the flux for a component of angular momentum that is perpendicular to the axis of a light beam and for the field associated with an electric dipole. (iv) The theory can be extended to quantum electrodynamics.
Introduction
Angular momentum has played an important part in electromagnetism since the early writings of Maxwell [1] . Indeed, Maxwell's crowning achievement of identifying light as electromagnetic waves was originally derived in terms of the rotational properties of the luminiferous aether, notably its torsion modulus 1 . Maxwell also derived mechanical properties of light in the form of radiation pressure [3] . The mechanical property of momentum was identified by Poynting, who also associated angular momentum with circular polarization [4] .
This phenomenon was later demonstrated experimentally [5] .
The density of electromagnetic angular momentum is defined as the cross product of the radius vector from the axis of rotation and the Poynting vector [6] . This quantity has been calculated for the light emitted by a rotating dipole [7] and by a multipole [8] . The physical significance and form of the angular-momentum flux were identified by Humblet [9] , who applied it to the study of optical angular momentum in the far field. It is also worth noting that the angular momentum of light made an early appearance in quantum theory [10] .
Important quantities are reproduced in the Gaussian system of units in appendix A. The significance of a flux for a physical quantity is most readily appreciated in terms of conservation laws. We illustrate this principle in section 2 by reference to the conservation laws for charge, and for electromagnetic energy and momentum. We derive, in section 3, the form of the electromagnetic angular-momentum flux by appealing to the conservation of angular momentum. The main part of the paper (section 4) is concerned with the angular-momentum flux for light beams and its separation into spin and orbital parts. We show, in sections 5 and 6 , that the theory of optical angular momentum can also be applied to the field radiated by an electric dipole and can be extended into the quantum realm.
Electromagnetic conservation laws
The physical quantities energy, momentum, angular momentum and, to some extent, charge are important because they are conserved. This conservation can be expressed as a continuity equation relating a density and a flux density, or current, of the conserved quantity. The best known example is the conservation of charge as expressed by the continuity equation [6] ∂ρ ∂t
where ρ is the charge density and j is the current density or 'charge flux density'. Integration of this equation over a volume of space and application of Gauss' theorem leads to
which connects the change in charge in the volume V to the flow of current through its surface S. It is instructive to express the conservation of other quantities in the same way. The conservation of vector quantities such as momentum then requires a flux in the form of a twoindex object. The representation of such quantities in vector notation can be awkward and so we shall work with the index notation commonly used to describe tensors. In this notation, a Roman letter index will take any of the values 1, 2 and 3 corresponding to the x, y and z directions. Repeated indices are summed over all three values so that equation (2) becomes
A more complete introduction to this notation can be found in [17] . The energy density for the free electromagnetic field is
It follows from Maxwell's equations (1) that the continuity equation expressing conservation of energy is
where µ
0 (E × B) i is the energy flux density. We recognize that this quantity is also the momentum density, in the form of Poynting's vector, multiplied by the square of the speed of light. The conservation of momentum can be expressed as three continuity equations, one for each Cartesian component. The conservation of the i-component of momentum, 0 (E × B) i , is associated with the continuity equation
Here T ij is the momentum flux density
where δ ij is the usual Kronecker delta. It is inevitable that the conservation of a vector quantity (like the momentum) should be associated with a two-index flux, just as the conservation of a scalar quantity (like the energy) is associated with a oneindex (or vector) flux. The change in the energy in a given volume is associated with the flux of energy across its surface and the integral form of (6) expresses this:
Similarly, the conservation of the i-component of momentum can be expressed in integral form in terms of the flux of momentum across the surface bounding the volume of interest:
It is natural to express the conservation of angular momentum in the same way, in terms of an angular-momentum density and a flux density. We shall use the idea of angular-momentum conservation to obtain the correct flux density in the next section. It will be helpful to be able to express cross-products without explicit use of vector notation. To this end we shall employ the permutation symbol ij k [17] . This takes the value +1 if ij k = 123, 312, 231, the value −1 if ij k = 321, 132, 213 and is zero otherwise. With this notation, the i-component of the of the momentum density becomes 0 (E × B) i = 0 ij k E j B k .
Electromagnetic angular-momentum flux
The angular-momentum density for the electromagnetic field is obtained, in analogy with mechanics, by forming the cross product of the position vector with the momentum density [6] . We can write the angular-momentum density as a vector in the form
(11) The total electromagnetic angular momentum associated with a volume V is obtained by integration of this quantity over the volume to give
We shall find it convenient to work with the tensor notation in which the i-component of the angular-momentum density is
The angular momentum is a conserved quantity and hence we should be able to express its conservation by means of a continuity equation analogous to that for linear momentum (7) . Hence, we seek an angular-momentum flux density, which we write as M li , associated with the flux of the i-component of angular momentum through a surface oriented in the direction l. The conservation of the i-component of the electromagnetic angular momentum could then be expressed in the form
A natural quantity to propose for the angular-momentum flux density is the 'cross product' of the position with the momentum-flux density (8) . This gives
It is straightforward to show (using Maxwell's equations (1)) that this quantity does satisfy the continuity equation (14) and therefore is the required angular-momentum flux density. It is possible to derive this quantity rather more elegantly and directly by means of the relativistic theory. A brief demonstration of this is presented in appendix B.
It is worth noting that the dimensions of the angularmomentum flux density are angular momentum per unit area per unit time. This suggests that we can interpret it in terms of a flow of angular momentum through a surface. This idea is supported by the integral form of the continuity equation for the i-component of angular momentum:
where S is the closed surface bounding the volume V . More generally, we shall associate the quantity S M li dS l with the flux of angular momentum through the surface S even if this surface is not closed. It is often useful to separate angular momentum into internal and external or spin and orbital parts. The form of this separation for the electromagnetic field has been debated at length and remains unclear [18, 19] . There appear to be fundamental reasons why such a separation is not 'physically observable' [19] , although it has been suggested that a physical separation is possible in which neither parts are true angular momenta [20, 21] . Nevertheless, at least for light beams within the paraxial approximation [12] , the separation does seem to have a physical and experimentally demonstrable meaning [13, 22, 23] . We shall see in the following section, for the special case of the angular momentum of a light beam about its axis, that it is meaningful to identify spin and orbital parts of the angular momentum. The correct identification of these parts requires the use of the angular-momentum flux.
Light beams
The recent surge of interest in optical angular momentum has been driven by studies of suitably prepared laser beams [13] . Indeed the paper that kindled this interest dealt with the orbital angular momentum of Laguerre-Gaussian laser modes [11] . This paper and many subsequent ones considered the angular momentum of a monochromatic, cylindrically symmetric beam about its own axis. For the Laguerre-Gaussian beams, the azimuthal angular dependence of the complex electric field is exp(ilφ) and the angular momentum of the beam contains a contribution that is proportional to l. Allen et al, citing Marcuse [24] , exploited the analogy between quantum mechanics and paraxial optics to identify this contribution with the orbital angular momentum of the light beam. This has become the accepted meaning of the expression 'orbital angular momentum' for a light beam. We should note, however, that the angular momentum of the beam has the same value about any axis that is parallel to the axis of the beam [25] . This means that we cannot separate our spin and orbital angular momenta on the basis of dependence on the axis (as is done with mechanical internal and external angular momenta).
Attempts to go beyond the paraxial approximation suggested that the separation of the angular momentum into spin and orbital contributions was an artefact of the paraxial approximation [15] . We shall see that this is not the case and that the problems encountered previously in working outside the paraxial approximation are removed by the correct use of the optical angular-momentum flux.
It is clear from our earlier discussion that the important quantity in discussing the angular momentum for light beams is the optical angular-momentum flux. This is the quantity of angular momentum crossing a surface in unit time. Hence the angular momentum transported by a light beam across a surface will be an optical angular-momentum flux. Earlier studies have concentrated on the angular momentum per unit power or per unit length [11, 15, 18] .
Angular-momentum flux for a beam about its axis
The most studied example of optical angular momentum is that of a cylindrically symmetric (or near symmetric) light beam about its axis. Suppose that we have such a beam, the axis of which defines the z-axis. The angular-momentum flux density for this beam through a plane oriented in the z-direction is
The total angular-momentum flux through a plane of constant z is M zz dx dy. Consider the effect of displacing the axis about which the angular-momentum flux is calculated to x = −a, y = −b. This changes the total angular-momentum flux density to
where T xz and T yz are the x-and y-components of the linearmomentum flux through the surface. The total angularmomentum flux is independent of the displacements a and b if T xz dx dy = 0 and T yz dx dy = 0. This means that all beams, for which the total linear momentum carried through the surface is perpendicular to that surface, will have an angular-momentum flux density that is the same about any axis that is parallel to the axis of the beam. This generalizes S9 Berry's result for angular momentum to angular-momentum flux [25] .
In order to proceed, it is helpful to introduce complex electric and magnetic fields and to limit our attention to monochromatic beams with angular frequency ω. We express the real electric and magnetic field components E i and B j in terms of complex field amplitudes E i and B j as
These complex field amplitudes are related by Maxwell's equations (1) in the form
We are now in a position to derive expressions for the spin and orbital parts of the total angular-momentum flux. The manipulations are a little involved and the reader who is primarily interested in the form and consequences of these contributions may wish to bypass these details by going straight to equations (25) and (26) . The cycle-averaged angularmomentum flux density obtained from (17) is
It is instructive to use the Maxwell equations (20) to eliminate the z-components of the electric and magnetic fields to givē
The total angular-momentum flux is obtained by integrating this quantity over the whole xy-plane:
where we have integrated by parts to obtain the second line and x ↔ y denotes an exchange of all explicit occurrences of x and y. Each of the terms in the second line of (23) arises from the corresponding term in the first line. Hence we can combine the two expressions by taking the first term from the second line together with one half of the second and third terms from both lines and for the same combinations for the terms with x and y interchanged. This procedure gives the expression
where we have introduced the cylindrical polar coordinates (ρ, φ, z).
It is tempting to express the total angular-momentum flux M zz as the sum of two contributions
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and to associate these with the spin and orbital angularmomentum fluxes. These quantities contain only the electric and magnetic fields and hence each is manifestly gauge invariant. This separation is also physically meaningful as we now show. We start by considering paraxial light before turning to the more general non-paraxial case. We consider the effects of a birefringent element and of an element that imparts an azimuthal phase dependence on the beam. Such devices have been employed respectively to modify the polarization (by means of waveplates [26] ) and the azimuthal phase dependence of light propagating through them (see [13] and references therein). A birefringent element has a fast and a slow axis for which the refractive indices are n f and n s . For simplicity we shall take these axes to be the x and y axes respectively. The effect on the fields of propagation through the birefringent element is to introduce the phase shifts
where k is the wavenumber for the beam and L is the propagation length. This transformation changes the spin part of the total angular-momentum flux (25) to
but leaves the orbital part (26) unchanged. This supports our contention that M spin zz should be identified with the spin, or polarization, part of the angular-momentum flux. If, however, we consider an element that imparts an azimuthal phase shift then our fields will all experience the same shift:
This transfomation changes the orbital part of the total angularmomentum flux (26) to
but leaves the spin part (25) unchanged. This supports our contention that M orbit zz should be identified with the orbital rather than the spin part of the angular-momentum flux. This analysis holds only within the paraxial approximation and in order to demonstrate a more general validity we need to consider the behaviour of non-paraxial beams.
We can investigate the spin and orbit parts of the total angular-momentum flux, beyond the paraxial approximation, by means of the rather general beam introduced in [15] . This describes an electomagnetic field satisfying the full Maxwell equations (1) and corresponds to a beam propagating in the +z-direction with azimuthal phase dependence exp(ilφ). The components of this electric field are
where J l (κρ) is the Bessel function of order l and k = ω/c. The complex numbers α and β are chosen so as to satisfy the equation |α| 2 + |β| 2 = 1. We also require the magnetic field and can find this using the first of the Maxwell equations (20):
We should note that for these fields T xz dx dy = 0 and T yz dx dy = 0, so that the total linear momentum carried through a plane oriented in the z-direction is parallel to the beam axis. This means that the total angular-momentum flux will be the same about any axis parallel to the axis of the beam.
From the form of the electric field (31) we expect the spin angular-momentum flux to depend on α and β but not on l. The orbital angular-momentum flux, however, should depend on l but not on α and β. It is straightforward to show that this is indeed the case. If we insert our expressions for the electric and magnetic field amplitudes into our formulae for the spin and orbit parts of the angular momentum flux, (25) and (26), we find
In obtaining these expressions we have made use of the Fourier-Bessel integral [27] , which we can write in the form
for p < κ < q. It is clear that these quantities have the expected dependences and this justifies making the separation of the angular-momentum flux into spin and orbital parts, even if we are operating outside the paraxial approximation. It is convenient to combine the α and β-dependent factor into a single term in the form
This term takes the values ±1 for circularly polarized light and zero for linear polarization.
In their original paper, Allen et al [11] established, within the paraxial approximation, a proportionality between the angular momentum and energy fluxes. This led them to identify σ zh and lh respectively as the spin and orbital angular momentum 'per photon'. We are now in a position to show that this relationship also holds beyond the paraxial approximation. In order to do so, we require the energy flux through the surface. This quantity is the integral over the surface of the cycle-averaged energy flux density,
Hence the energy flux is [15]
The integral in this equation is the same as that occurring in (33) and (34) . Hence we can write
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S M Barnett which justifies our assertion that M spin zz and M orbit zz are indeed the spin and orbit parts of the angular-momentum flux for a paraxial or non-paraxial beam about its axis and through a surface that is perpendicular to the direction of propagation. If we multiply both the numerator and denominator, in each of these expressions, byh then we recover the idea of spin and orbital angular momenta σ zh and lh for each quantum of energyhω. It should be stressed, however, that these expressions have been derived within classical electromagnetism. Insertingh may do no more than indicate a possibly helpful physical picture.
Paraxial approximation
The angular-momentum flux, within the paraxial limit, has been calculated by integrating the angular-momentum density, rather than the angular-momentum flux density, over the plane perpendicular to the direction of propagation [11] . An attempt to extend the calculation beyond the paraxial limit, again using the angular-momentum density [15] , led to the erroneous conclusion that a separation of the angularmomentum flux into spin and orbit parts was not possible outside the paraxial approximation. It is now clear that the correct quantity is the angular-momentum flux density. It is interesting, however, to ask why an analysis based on the angular-momentum density gives the correct result within the paraxial approximation. To see why this is so, we consider the cycle-averaged angular-momentum flux density given in (21) . The paraxial approximation applies to beams that have a small transverse wavevector. This corresponds to neglecting terms that are of second order in κ/k [15] . Inspection of the electric and magnetic field amplitudes (31) and (32) shows that the z-components of both fields are first order in κ/k and hence the paraxial approximation toM zz requires only the x-and ycomponents of the fields to order zero in κ/k. At this order of approximation we have
If we make these replacements in (21) then we find
This quantity is simply the product of the cycle-average of the z-component of the angular-momentum density (13) multiplied by the speed of light. Hence, within the paraxial approximation, this quantity gives the same result as that obtained by integration over the (more strictly correct) quantity given in (21) .
We can also make the approximations (39) in our expressions (25) and (26) for the spin and orbit angularmomentum fluxes. This gives
These are the expressions derived by van Enk and Nienhuis [18] , within the paraxial apprpoximation, for the spin and orbital angular momenta per unit length, multiplied by the speed of light.
Flux for other components of angular momentum
We are not restricted to calculating the angular-momentum flux for the component of angular momentum that is parallel to the beam axis. The fluxes of the other components of angular momentum also have physical significance. We shall illustrate this significance by calculating the flux through the xy-plane of the y-component of angular momentum for the fields (31) and (32) . The y-component of the angularmomentum flux density through a surface oriented in the z-direction is (from (15))
If we integrate this quantity over the entire xy-plane then we find the value zero. This is reasonable as the y-axis is a symmetry axis for the beam and we would not expect to find a net flux of angular momentum. Other axes, parallel to the y-axis, will not be symmetry axes for the beam and we can expect a non-zero angular-momentum flux about these. Consider the flux of the y-component of angular momentum about the axis x = −a. For this axis the angularmomentum flux density has the form (43) with x → x + a and the total flux of the y-component of angular-momentum is
We can interpret this expression very simply. It is the product of the distance a between the axis of rotation and the centre of the beam with the flux of the z-component of the linear momentum through the surface. Hence it expresses the usual angular momentum induced by a linear momentum off-set from the axis of rotation by the distance a. In this sense, this component of angular-momentum flux associated with the beam is an exterior angular momentum. It is of a different character to the spin and orbit angular-momentum fluxes associated with the beam about its axis. A separation of this angular-momentum flux into spin and orbital components, in the sense discussed above in section 4.1, does not appear to be meaningful.
Dipole field
At a fundamental level, light is emitted by atoms (or similar microscopic sources). For this reason it is of interest to ask how angular momentum is transferred from excited atoms to the emitted light. This problem has received considerable attention [8, 9, 21, 28, 29] . Here we shall calculate the rate of radiation of angular momentum by the dipole using the angular-momentum flux. Our approach is similar to that adopted by Humblet [9] except that we do not require the surface, through which the angular-momentum flux is calculated, to be far from the source. Our calculation is entirely classical, but an extension to a fully quantum calculation should be possible using the methods developed in [28] . We consider the complex electric and magnetic fields associated with a point dipole positioned at the origin with complex dipole moment µ j exp(−iωt). The complex electric and magnetic fields at position r, generated by the dipole, are [6, 28, 30, 31] 
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wherer is the unit vector in the radial direction and the exponential factor takes account of retardation due to the finite speed of light. We can use these fields to calculate the cycleaveraged flux of angular momentum through a sphere of radius r centred on the emitting dipole. The cycle-averaged flux of the z-component of angular momentum through a (radially oriented) element of the surface of the sphere is
where the hats again denote unit vectors. Integrating this quantity over the surface of the sphere gives the total flux of the z-component of angular momentum through the surface of the sphere, which we find to be
where we associate σ z = i(µ x µ * y − µ y µ * x )/|µ| 2 with the z-component of angular momentum for the dipole. It is interesting to compare this with the flux of energy across the surface of the sphere:
The ratio of the total angular-momentum flux to the energy flux is
which has the same form as we found for light beams (38) . It has been suggested that half of this can be attributed to spin and half to orbital angular momentum [29] . We have not been able to find, however, any natural or convincing way to separate the angular-momentum flux into spin and orbital components.
Quantum theory
The classical theory presented in this paper has a natural extension to quantum electrodynamics. The electric and magnetic fields become operators in the quantum theory, satisfying the equal-time canonical commutation relation [32] [
where the carets denote quantum operators. Maxwell's equations (1) remain valid but with the classical electric and magnetic fields replaced by these operators. It is helpful to separate the field operators into positive-and negativefrequency parts corresponding to time evolutions of the form exp(−iωt) and exp(iωt) respectively:
with similar expressions for the magnetic fields. These positive-and negative-frequency parts of the fields are associated with photon annihilation and creation operators respectively. The commutator (51) implies the existence of a divergent zero-point energy associated with the vacuum state of the field [30, 32] . A number of physical quantities discussed in this paper will be ill defined in the quantum theory because of this zero-point energy. These include the energy density (5), the momentum-flux density (8) and the angular-momentum flux density (15) .
We can obtain well-behaved quantities by subtracting the vacuum contributions from these quantities. This corresponds to the familiar approach in which field quantities are expressed in normal order [30] . The normal-ordered form of operator products has annihilation operators to the right and creation operators to the left so that the normal-ordered square of the electric field is :
Normal-ordered products are denoted by a pair of colons so our normal-ordered angular-momentum flux density operator is 
This normal-ordered operator satisfies the operator analogue of the conservation of angular momentum (14) with the angularmomentum density operator also expressed in normal order in the form
Hence these normal-ordered quantities do represent a conservation law for the normal-ordered angular momentum and the choice of normal-ordered quantities is physically meaningful. The quantities introduced in this section allow us to extend our treatments of the angular momentum of light beams and dipole fields into the quantum regime and to discuss problems such as the transfer of angular momentum in elementary absorption and emission by atoms [28] . We shall develop these ideas further elsewhere.
Conclusion
In this paper, we have presented the theory of optical angular-momentum flux. This quantity can be derived from consideration of the conservation of angular momentum for the free electromagnetic field. Expression (15) for the angularmomentum flux density is exact in that it does not depend S13 on any paraxial (or related) approximation. We have applied this quantity to calculate the flux of a light beam about its axis (or propagation direction). In this case, we found that it is possible to separate the angular momentum into welldefined spin and orbital contributions. This separation is gauge invariant and the fluxes of spin and orbital angular momentum reduce to the known paraxial forms [18] in the appropriate limit. We have also shown that the optical angular-momentum flux can be applied to the study of other components of optical angular momentum and to the radiation associated with an electric dipole. The theory of optical angular-momentum flux follows from Maxwell's equations and these are valid as operator equations in quantum electrodynamics. It is no surprise, therefore, that the theory presented here can also be applied to the quantum theory of light.
The theory presented in this paper opens new possibilities for the study of the angular momentum of light. We conclude with a brief indication of three such possibilities: (i) the form of the linear electromagnetic momentum inside material media has long been debated (for a review see [33] ). It is possible that the study of electromagnetic angular momentum may provide a clearer picture of the momentum and momentum transfer inside such media. (ii) The separation of angularmomentum flux into spin and orbital parts remains a problem for all but the simplest geometries. It is possible, however, that a study of angular-momentum flux for more complicated light sources may provide insight into this problem. In particular we envisage extending the analysis of section 5 to multipole sources [8, 34] . (iii) The quantum theory of optical angularmomentum flux remains to be explored. It is likely that recent ideas relating to the entanglement of orbital angular momentum [35, 36] can be extended to obtain more exotic states in which spin and orbital angular momenta are entangled. We intend to pursue these ideas elsewhere. This leads us to associate T i0 with the energy-flux density (as well as with the momentum density) and T ij with the flux of the j -component of the momentum through a surface oriented in the direction i.
The angular momentum is introduced in terms of the rank three tensor
This tensor, like the energy-momentum tensor, is a conserved quantity in that it obeys the continuity equation If we rewrite this using SI units then we recover the form (15) given earlier.
We see that the form of the angular-momentum flux density appears naturally in the relativistic formulation as a consequence of angular-momentum conservation as expressed in (B.8).
Note added in proof. The significance of optical angular-momentum flux has also been noted by Alexeyev et al [40] , who applied the idea to study angular momentum in optical fibres. These authors also suggested a possible form for the flux of the spin part of the angular-momentum flux [41] . I am grateful to Michael Berry for bringing this work to my attention.
